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Abstract

We report on an experimental observation of self-organized criticality in

4He very close to its superfluid transition. A constant temperature gradient,

independent of the heat flux Q through the sample, is created along a vertical

column of 4He by applying heat to the top of the column. This constant

temperature gradient equals the gravity-induced gradient in the superfluid

transition temperature, indicating that the thermal conductivity of the sample

has self-organized. The closeness to criticality in this state is the same

throughout most of the sample, and it depends only on Q. These measurements

have been made in a range of Q from 0.04 to 6.5 mW/cm2 in the absence of

convection.
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1. Introduction

In this paper we report on an observation of self-organized criticality

(SOC) in the thermal conductivity κ of 4He near its superfluid transition.  Self-

organization has been observed in several other physical systems near

criticality, and is thought to be important in a wide realm of phenomena [1].

While other observations of SOC have occurred in systems which exhibit

hysteretic or 'avalanche' behavior [2], the self-organization reported here

occurs near the continuous, non-hysteretic phase transition to superfluidity in

4He [3].  We find that the self-organized state in 4He facilitates a new

technique for non-equilibrium measurements very close to the superfluid

transition.  The nature of this self-organization may be understood by

employing a simple model which relates the temperature at which the system

self-organizes, to the thermal conductivity of 4He and the depression of the

transition temperature due to a heat flux.

The study of transport properties close to a continuous phase transition

is difficult because the out-of-equilibrium situation required to observe the

properties generates gradients in the properties themselves.  This

inhomogeneous situation rounds the sharpness of the transition under study

and limits the accuracy with which the measurements may be made [4].  Such

problems are reduced in systems which support transport without a gradient

in the associated thermodynamic potential.  Examples include 3He and 4He,



which allow heat transport without an associated temperature gradient in

their superfluid phase.  In the normal phase the gradient appears, making

conclusive measurements of transport properties through the transition

difficult.  A second inhomogeneity is created by Earth’s gravity which produces

a static pressure gradient, and hence a gradient in the superfluid transition

temperature, across the sample [5].

Onuki predicts that these two different sources of inhomogeneity can

effectively offset one another, causing the helium to remain at a constant

distance from criticality within its normal phase [6].  This homogeneity

permits heat transport measurements much closer to criticality than is

otherwise possible in the presence of temperature and pressure gradients. This

is one specific example of self-organization, which is possible in systems with a

divergent thermal diffusivity, as discussed by Carlson et al. [7]. Machta et al.

[8] applied this theory to 4He and predicted that it should self-organize near its

superfluid transition.  Recently, Ahlers and Liu [9] determined the conditions

which would permit the experimental observation of this self-organization.

2. Heating From Below

Typically, thermal conductivity measurements in helium have been

performed by heating a vertical column of helium from the bottom.  Consider

the heat flow equation for this situation.
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here, Tc(Q,z) is the Q-dependent superfluid transition temperature [10].  Note

that Tc(Q = 0,z) = Tλ(z)= Tλo + ∇Tλ, where ∇Tλ = 1.273 µK/cm [5] and Tλo =

2.1768 K.
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This says that ∇τ  is always negative, or that as you travel downward from the

interface, τ is always increasing.

Figure 1 shows a phase diagram for a cell that has heat applied to the

bottom, next to a schematic representation of the cell.  The temperature on the

top of the cell is colder than that on the bottom.  Notice that after crossing the

λ-line, the temperature profiles move away from it.



3. Heating From Above

Consider now a situation where the heat is applied to the top of the

column of helium [11].  Then the sign of Q changes and equation (2.4) becomes:
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This sign change allows ∇τ to go to zero when κ reaches the value
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or when

∇ = ∇T Tλ (3.3)

Equation (3.2) implies that the thermal conductivity is constant throughout the

self-organized region and Eqn. (3.3) says that the reduced temperature

maintains a constant value, τsoc = [Tsoc(z) - Tc(Q,z)]/Tλo, throughout this region

as well.

Figure 2 depicts a column of helium with an interface somewhere in the

middle.  Since heat is applied to the top of the column, the temperature on the

top of the cell is higher than the temperature on the bottom.  Traveling

downward from the interface, τ increases with a decreasing slope until it

achieves a reduced temperature of τsoc, when ∇τ becomes zero and τ stops

changing.

τsoc is the unique reduced temperature that gives a value for thermal

conductivity that satisfies Eqn (3.2).  The phase diagram to the right of the cell



shows two temperature profiles for different values of heat flux.  Notice how

the slope of the temperature profiles is now driven toward the slope of the λ-

line.  Once the slope of the temperature profile equals the slope of the λ-line,

the system is said to have self-organized at a constant distance from criticality.

4. The SOC State Temperature

In the SOC state, The distance from criticality, τsoc, is dependent only on

the quantity of heat flux through the sample.  It is reasonable to assume that

over a small range in τ, κ(τ) can be approximated by,

κ τ κ
τ
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Inserting this expression into Eqn (3.2) and inverting, gives an expression for

τsoc,
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and thereby the SOC state temperature Tsoc,
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is the difference between Tsoc(Q) and Tc(Q).



5. SOC Data

Figure 3 shows Tsoc(Q) measurements made for a range of heat flux 0.04

≤ Q ≤ 6.5 µW/cm2.  Since it is difficult to precisely measure Tλo, each

measurement was instead referenced to Tsoc at Qref = 100 nW/cm2, so what is

plotted in the figure is δTsoc = Tsoc(Q) - Tsoc(Qref).

For values of Q > 200 nW/cm2, ∆Tsoc(Q) is less than our thermometer

resolution, so for this range of Q, Tsoc(Q) ≈ Tc(Q).  Measurements of Tsoc in this

range, provide a convenient and accurate way to measure the depression of Tc

with heat flux.

6. Measurements of Tc(Q)

Previous measurements of the depression of the transition temperature

with heat flux [10] provide a phenomenological equation for Tc(Q),
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is a constant and ∆Tsoc(Q) ≈ 0 for the higher values of Q.  With this in mind,

the shift in Tc can be written as  Tλo - Tc(Q) = Θ - δTsoc which is plotted in

Figure 4.  The solid line in the figure is a fit of the data over the range 0.2

µW/cm2 ≤ Q < 6.5 µW/cm2 to Eqn. (6.1) and gives values of Qo = 699 ± 196

W/cm2 and y = .809 ± .012.  This fit agrees closely with data taken by Duncan,

Ahlers, and Steinburg [Error! Bookmark not defined.] in 1988 for values of

heat flux 0.4 ≤ Q ≤ 10 µW/cm2 in a heat from below geometry.

7. Thermal Conductivity

In the SOC state, the thermal conductivity is only a function of the

applied heat current, so it is a known quantity:

κ
λ
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Q
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What isn’t known then, is the SOC temperature at which this conductivity

exists.  The measurements we’ve made can be used to determine this.  Our

data as taken is,
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where the value of Tc(Qhigh) is known from previous measurements and an

extrapolation of the same can give a value for Tc(Q).

Figure 5 shows the SOC data displayed in this manner.  In this region of

temperatures, over this range of Q, the thermal conductivity is predicted to

depend strongly on Q, [12].so it is not possible to compile a complete mapping

of κ as a function of temperature for different values of Q.
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Figure Captions

Figure 1  Temperature profile which results when heat is applied to the bottom

of a sample of helium.

Figure 2  Temperature profile that comes about by heating a sample of helium

from the top.

Figure 3  SOC state temperature vs. applied heat flux.  The dashed line is a

plot of Tc(Q) according to Eqn. (6.1)

Figure 4  Measurements of Tc(Q) using the SOC state.  The solid line is a fit to

Eqn. (6.1).

Figure 5  Plot of SOC state thermal conductivity vs. SOC state reduced

temperature.  The numbers next to each data point represent the values of Q

applied in nW/cm2.
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Figure 3

100 1000
-800

-600

-400

-200

0

T
so

c
(Q

) 
- 

T
so

c
(Q

re
f) 

(n
K

)

Heat Flux (nW/cm2)



Figure 4
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Figure 5
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